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CONVERGENCE OF FOURIER SERIES 


1. Introduction. This article deals with some new aspects of the 
question of the convergence and of the rapidity of convergence 
of the Fourier series S(f) of a function f(x) €(L). It deals en- 
tirely with simple convergence, not with summability. In fact 
the methods employed have little connection with summability 
for the reason that they are designed to exploit whatever oscil- 
latory character the function f(x) may have, and especially that 
of the Dirichlet kernel, which is not of fixed sign, whereas the 
kernels of summability methods are usually of positive type. On 
this account frequent use is made of the Second Mean Value 
Theorem in estimating the magnitudes of the integral expres- 
sions which occur in the discussion, and thus our results are ob- 
tained without resorting to the cruder device of inserting ab- 
solute value signs under the sign of integration, even in inter- 
vals in which the integrals in question are absolutely con- 
vergent. 

We are concerned primarily with the behavior of integrals of 
the form 


' 


f : (o(é)/t) sin nidt, f ; (¢(é)/t) cos nidt, (0O< A <p S 7) 


which are essentially the types met with in the study of the 
Fourier series G(f) and the conjugate series S(f), respectively, 
corresponding to the function f(x) belonging to the class (L). 
Our object is to study integrals of these types in order to formu- 
late general criteria for the convergence of one or the other or 
both of these series. 

The classical criteria depend to a large extent on the absolute 
convergence properties of Lebesgue integrals. For example, that 
of Lebesgue, regarded as one of the more general, involves the 
(absolute) convergence property 


(L) ik "| @() — 6+ 8))/t| dt = 0(t), (60) 


which implies the convergence property 


1 
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(F) iT ($(t)/t) sin ntdt = o(1) (n— «) 
n/n 


provided that | b(t) | satisfies a simple additional condition as 
t—0. The property (F) in turn implies the convergence of G(/) 
to f(x) at the point xo, if @(£), by definition, is given by 


b(t) = f(%o + t) + f(*o — t) — 2f(xo). 


But the condition (L) imposes a restriction on the behavior of 
$(t) which can be shown to be, in a quite definite sense, very 
severe. For example it is not difficult to prove that if f(x) 
=cos (1/x), « ~0, x€[—7, 7], then 


5n(0) = a/n) f @o/2 sin (¢/2)) sin (n + 1/2)idt = O(n-"/*), 


which implies that S(f) converges to zero fairly rapidly at x=0; 
whereas the function $(#), in the example, does not satisfy con- 
dition (L) at all. This is due of course to the presence in (L) 
of the bars under the integral sign. Examples of this kind are 
easy to find and are exhibited in §5. 

Throughout the paper we shall assume that the function f(x) 
is of period 27, is integrable (Lebesgue) in every interval, and 
satisfies at the point x» the condition 


(A,) lim (1/u) [ o(at = 0 


u=0 


in other words, f(«) is the symmetric derivative at xo of its own 
integral. This condition is satisfied almost everywhere and in 
any case is essential for our purposes. We will now describe one 
of the results established in the paper. 

The condition (A), as is well known, implies that the integral 


alin 
if ($(¢)/t) sin ntdt = o(1) (n —> o), 


A necessary and sufficient condition, under (Aj), in order that 
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Sn(%0) — f(%o) 


= x) [ @o/2 sin (¢/2)) sin (w + 1/2)tdt = o(1) 
is therefore that 
{fe (¢(#)/2 sin (¢/2)) sin (m + 1/2)tdt = o(1) 
ax/n 


and this, as is well known, is equivalent to: 


= [eon sin ntdt = o(1), (n — o) 


where varies continuously or by integers 1, 2,3, - - -. It seems 
natural therefore to study the properties of integrals of the type 
I,, and also of the type: 


Iv = f (o(t)/t) cos nid, 
xi[n 


where ¢(t) satisfies condition (A1). Results concerning these 
two types are obtained in §6 in studying conditions under which 
both G(f) and S(f) converge at xo. We shall not discuss them at 
this point but consider, by way of illustration, integrals of the 


types 


TAQ, ») = f (@/2) sin nude, 


Th’ (d, #) 


{i ; ($(#)df) cos ntdt, 
x 


I] 


Pe = OLD a) [ @omerar 


where 7/n SA <p ST. 
Obviously, a sufficient condition that S(f) converge to f(%o) is 
that: 


(a) In(\, #) = 0(1) uniformly for all d, u, r/nSX<p Sr. 


It is not difficult to prove, see §5, that condition (a) is consider- 
ably more general than that of Lebesgue, and therefore we are 
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interested in discovering its significance in terms of the intrinsic 

properties of the function ¢(t). The theorem we prove is the 

following one, in which we employ the notation: 

S(F, , h, 2k) = (h/3) [FO) + 4FQ + 2) + 2FO + 2h) + °°: 
+ F(\ + 2kh)] 


to represent the Simpson approximation to the integral: 
2kh 
f F(A + t)dt 
0 
TuroreM. Let Q(t)=(1/A) food, Q(t =/oQ@dt. If WH 


=0(1), a necessary and sufficient condition that $(t) satisfy con- 
dition (a), that 1s: 
(A) I,Q, ») = o(1) uniformly (r/n SX <pS7) 


is that the function Q(t) satisfy the condition: 


2kh 
(B) S(Qi, A, h, 2k) -f Qi(\ + #)dt = o(h?) 

0 
uniformly as h—>0, for all intervals [\, \-++-2kh] such that OSX<X 
+2kh S2r. 

By means of this theorem we can therefore establish the fol- 
lowing general criterion for the convergence of G(f): 

If (t) satisfies the conditions (Ai) and (B) then S(f) converges 
at the point xo to f(x). 

Our main results are expressed in terms of the order of ap- 
proximation to certain integrals by means of elementary 
mechanical quadratures, namely the Trapezoid Rule and Simp- 
son’s Rule. We use the following notation, in which F(x) repre- 
sents a continuous function: 


T(F,d, h, k) = (h/2) (FQ) + 2FA+ A) + °°: 
2F(\ + (k — 1)h) + F(A+ Ra)]. 
S(F, d, h, 2k) = (h/3) (F(A) + 4F(\ + h) + 2F(A+ 2h) +--- 
4F(X + (2k — 1)h) + F(A + 2kh)]. 
E(F, d, h, 2k) = F(A) — 2F(A + A) + 2F(A + 22) —--- 
— 2F(X + (2k — 1)h) + F(A + 2kh). 
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The following relationships, of importance in the proofs, are 
listed for easy reference: 


() = T(F, d, 2h, k) — TCP, 2, h, 2k) = (h/2)E(F, 2, h, 22) 
(II) 4T(F,», h, 2k) — T(F,», 2h, k) = 3S(F,X, h, 2k) 
mill) S(F,\-+ hk, k, 2k — 2) — S(F,), h, 2k) 
= (h/3)[E(F, d, h, 2k) — {2F(\)) + FA+ A) 
+ F(X + (2k — 1)h) + 2F(X+ 22A)} J. 


These relationships, though perhaps not familiar, are easily veri- 
fied. 

2. Equivalence Theorems (A, C), (B, C). In this section we 
establish the main general theorems concerning the equivalence 
of the conditions (A), (B), (C), and also the conditions (A’), 
(B’), (C’), which we now define. 


DEFINITION 1. If F(x) is a continuous function 0Sx St, and 
F,(x) = [oF (é)dt, then 


(A) F(x) has the property (A) ~ 


B 
fo ear(a) = of) (n> @) 
x 
uniformly for all X, »; OSASwS1; 
a 
(B) F(x) has the property (B) ~ 


A+2kh 


S(Fi, A, h, 2k) -f F,(t)di = o(h?) (h- 0) 


r 
uniformly for all \, k such that OSX SA4+2kh 31; 
(C) F(x) has the property (C) ~ 
E(Fy, d, h, 2k) — (h/2)(F(A + 2kh) — FQ) = o(h) (4 > 0) 
uniformly for all \, k, OSX <)\4+2kh 21. 
The conditions (A’), (B’), (C’), are like (A), (B),. (GC), except 
that the interval of integration is of length 27 and F (x) is as- 


sumed to be equal to a linear function plus a function of period 
2. 
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DEFINITION 2. If F(x) —mx is a periodic continuous function, | 


of period 21, then 
(A’) F(x) has the property (A’) ~ 


i} " inzdF (2) = 0(1) (nm = integer), (1 — ©); 
0 
(B’) F(x) has the property (B’) ~ 
2a 
S(Fi, \, h, 2n) -f Fi(A + é)dt = o(h*), (h = r/n— 0), 
0 
uniformly for all \, OSNS2r; 
(C’) F(x) has the property (C’) ~ 
E(Fy, d, h, 2n)—(h/2)(F(A+- 27) —F(A)) =0(h), = (h=7/n-0) 


untformly for all}, OSX S27. 


THEOREM (A, C). If F(x) ts a continuous function, 0SxSt, 
and F,(x) = fo F(t)dt, a necessary and sufficient condition that 


(A) fo ara) = 0(1) 
N 


uniformly for all X, wu, (OSAX<pS1) ts that 
(C) E(Fi, », h, 2k)—(h/2)(FAA+2kh)—F(A)|=0(h), —(h-0) 


uniformly for all \, k where k is a positive integer such that 
0SA\<A+2kA 1, and h>0. 
Suppose first that (A) is satisfied, then 


2Qkr/n 
f cos nxdF(X + x) = o(1) 
0 


and on integrating by parts and dividing by n, setting h=a/n, 
we have 


(21) Hi F(X + «) sin nadx = [F(\) — F(X+ 2kh) | /n + o(h). 


We now consider the Fourier series of the odd function p(x), of 
period 27, 
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p(x) = signum (sin x) = (4/r) >> (sin (27 + 1)x)/(2j7 + 1), 
j=0 
with p(0) =p(7) =0. On replacing x by mx in this formula, mul- 


tiplying by F(A+<), and integrating termwise, as we may, then 
applying (2.1) we obtain: - 


_ p2kh 
f F(A + x) p(nx)dx 
0 


Sey SS fF. witen (2) + ney + D)de 


> 
j=0" 0 


= (4/n)(FQ) — FO + 28h) DS (1/n(2 + 1)2) 


+ (4/r) 2 o(1/n(27 + 1)?) 


= (h/2)[F() — F(A + 2kh)] + off), 
since >\@ (2j+1)-?=722/8. This result is equivalent to 
— E(F1, d, h, 2k) = (h/2)[FO) — FA + 2kh)] + o(h), 
which is equivalent to (C). 


Conversely, to prove (A), assuming (C), we consider the 
integral, in which h=7/n, namely 


2kh 2kh 
f sin n{dF(A +1) = —1n f F(\ + 2£) cos nidt 
0 0 
= — n[Fi(\ + 2kh) — Fi0)] 


2kh 
—n* f Fi(A + 2£) sin nidt. 
0 


The last expression is obtained by integrating twice by parts. 
On dividing it by n? we see that we have to prove that 


(2.2) ip nO + #) sin nédt + [Fi(A + 2kh) — FQ) ]/n = of h’) 
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uniformly for all \>0 such that A+2khS1. By the definition 
of the symbol E and by the periodicity of the function sin nt, 
the left members of (2.2) is equal to: 


win 
(1/2) f E(Fi, \ + t, h, 2k) sin ntdt 
0 
ar/[n 
+ (1/2) f Fi(\ + #) sin ntdt 
0 


arin 
— (1/2) f Fi(\ + ¢ + 2kh) sin ntdt 
0 


+ [Fi(A + 2kh) — F(A) ]/n. 


Now, using (C), this expression is equal to: 


(- rian) [TRO +t) —F(\+¢#+ 2kh)| sin ntdt 
arin 
+ (1/2) f [Fi(A + t) — Fi(A)] sin nédt 


— (1/2) if RA + t+ 2kh) — Fi\(\ + 2kh)] sin ntdt + o(h?). 


But since F(é) is continuous, we have 
F(A + 2) = F(A) + o(1), FOX + 4+ 2kh) = F(A 2h) + (1) 
Fi(d + #) — FiQd) = t[FQ) + 0(1)] 
Fi(v + ¢+ 2kh) — Fi(\ + 2k) = t[F(A + 2h) + (1) ] 
uniformly as h-0, 0StSh=7/n. By inserting these three re- 
sults in the three integrals respectively we find that the left 
member of (2.2) has been reduced to 

— (x/2n)[F(A) — F(A + 2kh)] 


tin 


+ (1/2) [F() — F(A + 2kh)] af t sin ntdt + o(h®) = o(h?®). 


We have thus proved that condition (C) implies condition 
(A) in the form 
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2kh 
{| sin ntdF(X + t) = o(1) 
0 


uniformly for all positive values of \, k such that \+2kh $1, 
and this is equivalent to (A), since (A) is equivalent to 


4 ; 
f sin mxdF(\ + x) = o(1), uniformly (\<r\+yS 1) 
0 


and pw can be expressed as 2kh+1] where 0S/S27/n. For an 
interval of length 1<2r/n may be ignored on account of the 
continuity of F and the fact that sin mx and cos mx are uniformly 
bounded and of bounded variation in all intervals of length 
<27/n. This follows by a simple application of the Second 
Mean Value Theorem. The proof is therefore complete. 

Two corollaries of this theorem are worthy of notice: 


CoroLuary I (A, C), i which the quantity o(1) im (A) ts re- 
placed by O(h-*), (QSa<1), and the quantity o(h) in (C) ts re- 
placed by O(h'-*). 

Coro.iary II (A, C), im which o(1) im (A) ts replaced by 
O(p(h) +wr(h)) and o(h) in (C) ts replaced by O[h(p(h) +wr(h)) | 
where p(h) is a function which decreases to zero with h, and wp(h) 
is the well-known oscillation function associated with F. 


The reader will have little difficulty in verifying these corol- 
laries by noting that with these changes the proofs go through 
step by step. 

We can also state: 


THeoreM (A’, C’) If F(x)—mx is a continuous function of 
period 2, a necessary and sufficient condition that: 


2x 
(A’) f ei™=qF (x) = o(1) as the integern— © 
0 


ts that 


(C’!)  E(F:, », h, 2n) — (h/2) [FO + 2x) — FQ)] = off) 
(h = xjn— 0) 
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uniformly for all \, as the integer n becomes infinite. 

The proof of this theorem is simpler than that of Theorem 
(A, C). For if F(x) itself is periodic the proof can be carried out, 
step by step, in the same way except for simplifications due to 
the periodicity. If F(x) is linear, in which case Fi(x) is quad- 
ratic, the proof is immediate—the second members of (A’) and 
(C’) being equal to zero. With these remarks the reader can 
easily verify the theorem. 

THEOREM (B, C). If F(x) is continuous, 0OSxSm, and F,(x) 
= [oF (t)dt, a necessary and sufficient condition that 


A+2kh 


(B) SGN Be hy if Fi(é)dt = o(h?) 


N 
uniformly for all d, k such that OS$X<dA+2kAXA1, ts that: 
(C) E(Fi, A, h, 2k) — (h/2) [FO + 2kh) — FQ)] = of) 
uniformly for all \, Rk as tn (B). 


Proof. Assuming that (B) is valid, and replacing \ by A+-h, 
2k by 2k—2, we have also 
A+(2k—1)A 


inca EME ab eas if F,()dt = o(b?) 


A+h 


and on subtracting the members of (B) from the members of 
this equation, and using (§1, III), we obtain 


(h/3)[E(F1, , h, 2k) 
~ {2Fi(d) + Fi(d + h) + Fi(d + (2k — 1)h) + 2FA+ 22) }] 


A h 
by it FAA + Odi + ii FAA + (2k — 1)h + ddt = o(h%), 
0 0 
or, on combining the terms in brackets with the two integrals, 


(h/3)E(Fi, d, h, 2k) 


+ (1/3) iH [F(A + 8) — 2F(A) — Fi(d + A) at 
(2.3) : 


h 
+ (1/3) J [3Fi(\ + (2k — Dk+ 2) 
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— Fy(\ + (2k — 1)h) — 2F\(A + 2h) |dt = o(h?). 


ere we make a substitution in the first integral of (2.3): 
Fi(\ + t) — 2Fi(A) — Fi(d + h) 
= 3[Fi(d +t) — FiQ)] — [Fit 2) — FQ)! 
= 3i[F(A) + o(1)] — &[FQ) + o(1)] 
Bich follows from the continuity of F. It is easily seen that the 
first integral in (2.3) is equal to: 
(1/3)(3h?/2 — h®)(F(A) + o(1) = (47/6)FO) + o(1)). 


By treating the second integral of (2.3) in a similar way, we 
obtain: 


(h/3){ E(F1, d, h, 2k) + (h/2) (FQ) — FO + 2kh)]} = of); 
and this is equivalent to (C). 
Conversely, assuming (C), we have, by (§1, I). 

T(Fi, d, 2h, k) — T(Fi, X, fh, 2k) 

= (h/2)E(Fi, d, h, 2k) = (7/4) [F(A + 2kh) — FA)] + off). 
We now iterate this formula, replacing hf in succession by h/2, 
ae /4, - - h/2’, and sum. Since h? of 4” =h?/3, we obtain from 
the eit hand members the quantity (h?/3)[F(A+2kh) — F(A) | 


+o(h?). And since the trapezoidal sum T(Fi, 4, 4/2”, 2’*1k) 
converges to /o""Fi(A+é)dt the result is: 


aR T(Fy, d, 2h, k) -f Fy(d + ddt 
= (h?/3) [F(A + 2kh) — F(A)] + o( A?) 


and therefore if we replace h by h/2, k by 2k, in this equation, 
and multiply both members by four: 


2kh 
AT (Fi, d, h, 2k) — af Fi(\ + #)dt 
(2.5) 0 


= (h?/3) [F(A + 2kh) — F(A) + o(h?). 
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On subtracting members of (2.4) from those of (2.5) we obtain, | 
since, by (§1, IT), 


4T(Fy, d, h, 2k) — T(F1, », 2h, k) = 3S(Fi, 9, h, 2h), 


the final result 
2kh 
3S(F:, d, hy 2k) — 3 f Fi + dat = o(#?) 
0 


which is equivalent to (B). 
This theorem, like Theorem (A, C), has two corollaries: 


CoroLiary I (B, C): in which the quantity o(h*) in (B) ts re- 
placed by O(h?-*), where OSa<1, and the quantity o(h) 1m (C) 
as replaced by O(h'-*). 


CoROLLARY II (B, C): 2m which the quantity o(h?) in (B) 1s re- 
placed by O[h?(p(h) +wr(h)]) and the quantity o(h) in (C) ts re- 
placed by O[h(p(h) +wr(h))], where p(h) is a function which de- 
creases to zero with h, and wr(h) ts the oscillation function associ- 
ated with F. 


The reader can easily verify the corollaries by following 
through the steps of the proof of Theorem (B, C) with the indi- 
cated changes. 


THEOREM (B’, C’) If F(x) —mx is a continuous function, of 
period 2m, a necessary and sufficient condition in order that, as 
the integer n becomes infinite, 


(B’) SG. one f RA + dt = o(h®) (h = rn) 


untformly for all \, OS\S2r, ts that 
(C’) Ei, d, h, 2n) — (h/2)(F(A + 2) — F(A)) = o(h) 


uniformly for all \, OS\S2r. 

Here again it is unnecessary to give the details of the proof, 
which is like that of Theorem (B, C) but a good deal simpler 
on account of the periodicity. The proof is immediate if F(x) 
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is linear, and F\(x) quadratic, for then it follows easily that the 
left members of (B’) and (C’) are equal to zero. With these re- 
marks it is unnecessary to give a separate proof. 

3. The Equivalence Theorem (a, A). In this section we prove 
that, under the assumption that ¢(¢) satisfies the condition 
(Ai), the conditions (a), (A), are equivalent; in other words 
that, under this assumption, if Q(t) satisfies condition (A), 
“where Q(t) = (1/2) /ob(é)dt, then ¢(¢) satisfies condition (a); and 
conversely. It will then follow from the result of §2 that any one 
of the three conditions: 


Q(t) satisfies (A), (B), (C) 
ts equivalent to the condition: 
o(t) satisfies (a). 
We begin by proving the following 


Lemma. A necessary and sufficient condition in order that 


ny 


(a) I,(a/n, X) -{ (p(t) /teintdt (r/n<dvNS 7m) 
a/n 
converge to zero uniformly with respect to \, as n>, ts that 
dn 
(b) Ia(a/n, ra) = f "(W/ettdt——(H/m < De) 
a/n 


converge to zero for every sequence hots converging to zero, such 
that \,>1/n. 


The necessity of the condition (b) is obvious. 
Assuming that lim,.. In(a/m, Xn) =9 for every such Dr} we 
first prove that 


lim I,,(x/n, +) = 0. 


noo 


Suppose, on the contrary, that a sequence of integers { ny } 
exists, such that 


Iny(4/ Nk, T) | Sth >.0 (h = const.) 


14 The Rice Institute Pamphlet 


Then that exists a positive sequence { pet, Mx > /nx, such that 
Git) | Inj (1/ Wks Me) | ules | Ing (Mx 77) | pit 7a 


We can, of course, suppose that { bx} converges. If limz. Me 
=pu>O0 then for all intervals (a, 0), uwSa<bS7, 


b 
lim (p(t) /t)e™*dt = 0 uniformly, 


n2 a 


for $(t)/t is summable in the closed interval [u/2, a], and there- 
fore the Riemann-Lebesgue Theorem applies in this interval. 
But this contradicts (3.1). It follows therefore that lim;... u.=0, 
and we have 


| Iny(m/Mky Mk) | > hk; 


but this contradicts the hypothesis (0). We have therefore 
proved that 


lim I,(4/n, 7) = 0. 


n-2 


In order to prove (a) suppose, on the contrary, that I,(7/n, d) 
does not converge uniformly to zero. Then there exists a sub- 
sequence {nz {, also a sequence {ux}, together with a positive 
constant # such that 


| Ina(m/me, we) | > h (ux > 7/ Mr) 


and since we can extract a convergent subsequence from the 
sequence {ux} we may as well suppose that { ux} itself con- 
verges to u20. 

If u=0 we have a contradiction of (b). If u>0 we have 


lim sup | In,(r/me, we) | = h 
k- 20 


and since, as we have just proved, 


lim In,(a/nx, 7) = 0, 
ko 


it follows that 
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sa sup | In,(uey 7) | a he 


But this is impossible since $(t)/t is summable in the interval 
[u/2, +] and the Riemann-Lebesgue Theorem again applies. 
The lemma is therefore proved. 

With the aid of this lemma we can now prove’ 
_. THEOREM (a, A). If $(¢) satisfies condition (Ax), that 1s 


(Ay) QW = a/) f sat = 0), (10) 
0 
a necessary and sufficient condition that 
r . 
(a) J @@/pemat = 0) (n> ©) 
x/n 


uniformly for all \, r/n<S7, ts that Q(t) satisfy condition (A) 
in the form: 


(A) “Qrweimdt = f° edgy = oft) ie) 


uniformly for all pu, OSS. 

Since Q(t)=J'0Q’(s)ds, and since sin mt, cos nt, are uni- 
. formly bounded and of uniformly bounded variation in the 
intervals [0, r/n], and since $(¢) satisfies condition (Ai), we 
can apply the Second Mean Value Theorem to show that the 
integral 


f QO’ (t)e***dt = o(1) uniformly for alla,O Sa8 1/N, 
0 


and thus it follows that condition (A) is equivalent to the condi- 
tion: 


(a) if Q’(t)eimtdt = o(1) 


uniformly for yp, 7/n Su St. 
Hence, assuming (A) we obtain, after integration by parts 1n 


(2), 
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orper*| eens i “Opera att) 


Le 
axl[n 


for all sequences {y,} converging to zero, with u,>7/n. 
But the first term in the preceding equation is o(1), and 
therefore 


Hn 
nf O(Ae'* dt = o(1), 
r/n 
and therefore, by the Second Mean Value Theorem, 


Bn cos ¥n cos 
f (O(t)/t) . ntdt = (nn) f Q(t) . mntdt = o(1) 
T n ax/n sin 


Jn Sl 


since {v,} converges to zero, t/n<v,Spn. But also we have 
$(t)/t=Q(t)/t+Q'(t), and therefore we have shown that (a) 
and the last equation imply that 


i ” (4(t)/tei'dt = o(1) 
arin 


for every sequence Lite}; Mn >a/n, converging to zero. But 
by the preceding Lemma, this implies that 


(a) if (6()/i)e™*dt = 0(1) 


/n 


uniformly, \>7/n. Hence (A) implies (a). 
Conversely, assuming (a), consider the integral: 


f e (O()/teat 
= f(a if ‘6()as) di 
=f (ayo [ ewyae) dt (s = 18) 


i il “ab ji wae 
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1 0x 
= J dé (r)e""!®(dr/r) (r es 6t) 


Oxj/n 


1 Ke 
= 1; ao [ (r)e'™"(dr/r) m=n/b,u=O\ SX 
0 xj/m 


and since, by (a), the inner integral is 0(1), uniformly for all 
u>a/m, as mo, 0<0S1, it follows that the condition (a) 
implies the condition: 


(c) f (QWi)/teim'dt = o(1) te 
xj/n 


uniformly for all \27/n. 
Now, recalling that 


Q’() = ())/t — QW/t 


it follows that from (a) and (c) we may infer 


(a) f Q'(eitdt = (1) 
al[n 


uniformly for \, 7/m<Sz, and since we have shown that, 
when ¢(é) satisfies (Ai), the conditions (@) and (A) are equiva- 
lent, it follows that, 


(A) ih Q'(eitdt = 0(1) 


uniformly for \, 0S <7. Thus the theorem is proved. 

As an immediate corollary of Theorem (a, A) we can state, in 
consequence of the equivalence of conditions (A) and (B) the 
following criterion for the convergence of S(f). 


THEOREM 1. If $(t) satisfies condition (A:), that 1S: 
(Ax) aw = a/) fear = 011) 


and if Q(t) has the property (B), that 1s: 
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(B) S(O; Nie Bye fi Ona + t)dt = o(h’), 


where Os(t) =fiO(t)dt, uniformly for all d, k, OSX<N+2khS7, 


then S(f) converges at x =Xp to f (Xo). 
This is the theorem stated at the end of §1. 


4. Simultaneous Convergence of G(f), S(f). We now apply the | 


results in §§2, 3 to the convergence of both @(f) and S(f) at 
x =X 9. The quantities to be considered are expressed in our nota- 
tion as follows: 


(4.1) sp(%0) — f(%0) = an) [os sin nidt + o(1) 


(4.2) 5n(%o) = — an) [ wor tan (¢/2))(1 — cos nt)dt + o(1) 


where 
p(t) = f(xo + t) + f(%o — t) — 2f( xo) 
v(t) = f(%o + t) — flo — 2) 


and s,(%o), 5,(X%o) are the respective partial sums of S(f) and 
G(f). Let now 


br(t) = f(x%o + t) — f(xo) 
oi(t) = f(xo — t) — f(%o), 
so that 
b(t) = or(t) + dil?) 
v(t) = o-(t) — di(Z), 
and let 


Qr(t) = (1/2) f or(t)dt, Q(t) = (1/2) f bie 


We will suppose that ¢,(#) and ¢:(t) satisfy the conditions: 


(Ai) Q"(t) = o(1), . Q'(t) = o(1), (¢—>0) | 
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(A) (b eintdQr(t) = o(1), f GOK) = ofl), (n> ©) 


uniformly for all \, OSASr. 


The conditions (Aj), (A), are together UN ak by §3, to 
(Ax) and the conditions: 


4 Xr 
if ($,(i)/t)ei'dt = 0(1), f (di(d)/te%'dt = o(1), (n> ©) 
ain a/n 


uniformly for all \, (r/n<AS7). But since condition (A1) is 
valid, we have, since 1—cos nt=2 sin*(nt/2), 


ain 
if (¢-(#)/#) sin ntdt = o(1), 
(4.3) o% 
f (¢,(t)/#)(1 — cos nt)dt = o(1) 


and a corresponding condition with ¢, replaced by ¢7; the second 
equation in (4.3) being obtained by using the Second Mean 
Value Theorem in the form: 


ic (o,(#)/#) sin? (nt/2)dt = f ia ($,(t)/t) sin (nt/2)dt = o(1). 
0 E 


Hence we have from (4.1) and (4.2) 


Sn(%0) — f(%0) = (1/7) iL ($(é)/t) sin ntdt + o(1) 


o(1) 


and also 


Ria (ix) f (W()/2 tan (1/2))dt 


= (1/m) f (W(d)/2 tan (t/2)) cos nidt + o(1) 


(1/7) i (p(t)/t) cos ntdt + o(1) 


o(1). 
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We have thus proved that if ,(¢) and ¢:(t) satisfy conditions 
(A;) and (A) then s,(%) converges to f(x) and also that 5,(%o) 
and the quantity 


Sia i " (W)/2 tan (4/2))dt 
a/n 


are equiconvergent in the strict sense. 
But since conditions (A) and (B) are equivalent we have 
therefore proved: 


THEOREM 2. If ¢,(t) and i(t) both satisfy the condition (Ax) 
and tf Qr(t) and Q'(t) satisfy the condition: 


(B) S(O ee f OA + Ddt = ok) Gee 


uniformly (0SX<A+2kh Sx), where QP(t) =(1/t) [ibn (t)dt, Ae) 
= /5Q0?(t)dt, then, as n>, 


sal 9) = fle) t(D) 
See f " (W(O/2 tan (t/2))dt = o(1). 
x/n 


5. Examples. In order to construct a continuous function which 
satisfies conditions (A1) and (a) but not (L) we proceed as fol- 
lows: let 


b(t) = y(é) sin (1/2) 


where ¥(¢) is a continuous increasing function of ¢ with (0) 
= (0) =0. We have to prove that the function (é) can be chosen 
so that the quantity 


iv if | vid) sin (1/2) — Y(t + 8) sin (1/(¢ + 8)) | at/t 


is not o(1) as 60. We make the substitution ¢= i/s, N=1/6, 
6(s)=y(1/s) and obtain; 
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I; 


i) 8(s) | sin s — g(s, NV) sin s’| (1/s)ds 
(5.1) 


IV 


¥ 
any f | sin s — g(s, NV) sin s’| (1/s)ds, 


where g(s, VN) =W(t+6)/V(é) 21, s’=Ns/(N+s). Let 

p(s) =s—s' = s?/(N +5). 
This quantity is the difference of “phase” between sin s and 
sin s’. 

Instead of the interval of integration (1, N) we shall take a 
subinterval (ay, by) such that (i), p(av), p(bw) are ‘integral 
multiples of 27 and (ii) av~N??, by~ N*!4, 

Now, since 

pis) = S/N — s*/N? 4--~- 
p'(s) = 2(s/N) — 3(s/N)? +--+ = 2s/N + O(N?) 


it follows that if s is increased by the amount (Nz/s)h p(s) will 
be increased by the amount: 


p'(s + OANx/s)-hNx/s (0 < = 1) 
= 2(s + 0hNr/s)-hr/s + O(N-!?)-Nrh/s 
= 2th + On*h?N/s? + O(N1!?)/s 0 <4 S1) 


2h + O(N-/8) + O(N-18) 
rh + O(N-*), 


In other words, in an interval of length Nz/s, p(s) will vary 
approximately linearly. Thus, if for a given value s=si, of the 
the form s;=m7, sin s’ is approximately in phase with sin s, 
then, after s is increased to the value ss=5+Nr/s, sin s’ 
will again be approximately in phase with sin s. In approxi- 
mately one third of the half-period intervals (m7, (n+1)z) 
contained in (51, s2) s’ will lag behind s by the amount p such 
that 


(2k + 1)" — 4/3 S pS (2k+ 1)0 + 2/3. 
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These intervals will be situated very nearly in the middle 
third of the interval (s:, s2). Moreover in the middle third of 
each one of these half-period intervals, where | sin s| >+/3/2} 
sin s and sin s’ will have opposite signs and therefore the inte- 
grand in the integral of (5.1) 

| sin s — g(s, NV) sin s’| /s >| sin s|s > V/8/2s. 

Thus the amount contributed to the integral J; by one of these 
half-period intervals, of type (@, a+7) will be greater than 
(3/2) (log (a+2m/3)—log (a+7/3))~(V3/6)(log (a+7) 
—log a), and the total contribution of the interval (s1, s2) to 
I; will be greater than (+/3/6) log (s2/s1). Hence, finally, if V 
is sufficiently large, 


1s > (V3/6)0(W) [ ” ds/s = (/3/6)8(N) log (bw/ax). 


But log (bv/av)~(3/4—2/3) log N= (1/12) log N, and there- 
fore if 

6(N) ¥ o(log N)-} (N > «) 

¥(6) # o(1/| log 8] ) (5 0) 

it follows that J; is not o(1). In other words, we have proved 


that: 
If W(t) as not o(1/ | log t|) then the function 


(4) = ¥(@) sin (1/4) 


does not satisfy the condition (L). 

In the following paragraphs it will become clear that this 
function does satisfy conditions (a), (A1). We begin by proving 
that the function sin (1/f) satisfies these conditions. 

In order to prove that the function sin (1/f) satisfies condition 
(a) we consider the integral: 


TQ, 2») = 2 f sin (1/t) sin ntdt/t (0 <A <p) 
d 


Il 


[cos (nt — 1/t)di/t — [cos (nt + 1/t)dt/t 
nN nN 


a T1(,, Lu) cael T2(d, M). 


\a 
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We set g=log (t\/n), a=log (Av/n), B=log (u/W/n), and ob- 
tain 


8 
hQ; p) = f cos (24/n sinh g)dq = J:(B) — Ji(a) 


P . 
I2(A, ») = f cos (2+/n cosh g)dg = J2(8) — J2(a) 
where a, 6 are arbitrary, — © <a<8< _«. Now, since the func- 


tions cos, cosh g, are even and the function sinh g odd we may 
take a=0, 8>0, in both integrals. Thus 


: 8 
J\(8) = if cos 2(4/n sinh q)dq 
0 


B 
= (1/2\/n) Ai sech g d(sin (2+/n sinh q)) 


0 


and since sech g is decreasing, we have sech 0=1 and 


Jx(8) = (1/2-/n) if d(sin (24/n sinh q) 
0 
= O(1//n) 
Similarly, taking a=0, we consider 


8 
J (8) =f cos (24/n cosh q)dq. 
0 


But here we have to consider two cases. First suppose that 
B<sinh— (n—/*4), Then 


J2(8) S sinh“ (n-1/4) = O(n-*/*). 


Second, if 8>sinh—! (7-4) =b we have to consider only 
8 5 
J2(B) — J2(b) = f cos (2+/n cosh q)dq. 
5 


B 2; 
= (1/2s/n) {f csch q d(sin (2/n cosh q)) 
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and since csch q is decreasing it follows, by the Mean Value 
Theorem, that the last integral can be expressed as 


(1/2+/n) csch of d(sin (2\/n cosh q)) 


= (1/2v/aynnrs f d(sin (2./n cosh g)) = O(n"). 


We have therefore proved that J(A, u) =O(n-"*) uniformly for 
all A, uw; 0<A<up. 

With obvious modifications the same sort of proof can be 
applied to show that the integral 


fi sin (1/t) cos nidt/t = O(n-"!*). 
d 


We have therefore proved that the function sin (1/t) satisfies 
condition (a). It is clear that the same is true of the function 
cos (1/t). 

It is easily seen that these functions satisfy the fundamental 
condition (A;), for since, for example, 


d(é? cos (1/#)) = sin (1/#) + 2¢ cos (1/2) 


we have 
f aa (1/é)dt = # cos (1/4) — f 2t cos (1/t)dt = O(#). 


It is worth while to observe that, by means of the examples 
sin (1/x) and cos (1/x), it is easy to construct a fairly extensive 
class of functions of oscillatory character which satisfy condi- 
tion (a) but not (L). We proceed as follows: 

Let ¥(x), W2(x) be bounded functions, each of which has total 
variation in the interval [5, r] of the order O(r(5)), where (6) 
is a function which may become positively infinite as 5-0; 
then the product ¥1(x)-Yo(x) has the same property, since 


Wi (2) Yo( a2) aa ¥1( 21) Wo( 21) 
= Wi( 2) [Wo( a2) — e(ar) | + olor) [Yi(xe2) — Yilar)]. 
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Consider now a function of the type: 
o(x) = W(x) sin (1/” + 6(x)) 
= ¥(«) cos 6(«) sin (1/x) + W(x) sin (x) cos (1/x) 


where W(x), cos @(x), sin (x), have the property required of 
¥i(x), Y2(*%), which will certainly be the case if the total varia- 
tions of ¥(x), 6(x), in the interval [5, 7] are o(7(5)) and p(x) 
alone is bounded; for the functions sin @, cos @ are bounded and 
| sin 0(x2) —sin 6(x1) | <|6(x2) —0(x1)|. This being so, it will follow 
that the functions ¥3(x) =y(x) sin 6(x), Ys(x) =W(x) cos O(x) will 
have the required property. 

We can now prove that the function ¢(x), thus defined, satis- 
fies the conditions (A), (a) provided that (i) the total variations 
of (x), 6(x), in the interval [6, 7] are o(5-"/4) and, (ii) W(x) is 
bounded. 

It is easy to prove that ¢(x) satisfies condition (Ax). In fact 
we prove a stronger result: 

If ¥(x) is such that its total variation in the interval [5, +] is 
o(6-*) then the functions W(x) sin (1/x), Y(x) cos (1/x), satisfy 
condition (A). 

We give the proof for the first function only since the method 
applies equally well to the second. 

Suppose first that ¥(x) is positive and monotonically decreas- 
ing, with ¥(x) =o(x"). Since 


d(x? cos (1/x)) = sin (1/x)dx + 2x cos (1/2) 
it follows that 


We) sin (1/x)dx = f W(x)d(x* cos (1/x)) 
+0 0 
= 2f va) cos (1/x)xdx 
= h? cos (1/h)p(h) -f x? cos (1/x)dp(x) 


_ 2 f va) cos (1/x) «dx. 
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Here the first term is o(#). The second term is less, in absolute 
value, than the positive quantity: 


lI 


— f 0962) — hp(h) + 2 f Y (a) xd x 
+40 40 


IA 


h 
Z (a) «dx. 
+40 
The third term is also less, in absolute value, than 
h 
2 v(x) «dx 
+40 


and, since ¥(x)=o0(x~1), this integral is o(). Having proved 
that each of the three terms in question is 0(), we have proved, 
since the same method applies to the function Y(«) cos (1/x), 
that ¥(x) sin (1/x), W(x) cos (1/x), satisfy condition (Ai), a 
y(x) is monotone decreasing. But, by hypothesis, («) can be ex- 
pressed as the difference of two such functions each of which is 
o(x—1). Thus the proof is complete. We can now state a theorem 
which exhibits a fairly general class of functions satisfying the 
conditions (Aj), (a), but not L, as our first example shows. 


THEOREM 3. If the total variation of each of the functions y(t), 
O(t), in the interval [6, x] is 0(6-/*), and if the function W(t) is 
bounded in [0, x], then the function: — 

o(t) = ¥(é) sin (1/¢ + 6(4) 
= ¥1(¢) sin (1/2) + y2(é) cos (1/8) 
satisfies conditions (A) and (a). 
The proof of this theorem comes immediately from an appli- 


cation of the Second Mean Value Theorem to integrals of the 
type: 


BM 
f v(t) sin (1/2) cos nédt/t (rmn<rX<uS 7) 
N 
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ve (j = 1, 2) 
= wo ff sin (1/t) cos ntdt/t ASsmsu 
X 


and those obtained by replacing sin (1/#) by cos (1/t) and cos nt 
by sin nt. In the case above the integral is o(1) uniformly for all 
, w, [rr /n<d\<pSz] since ¥,(t) may be regarded as a function 
which is positive, monotone decreasing and of the order o(t-"/), 
so that the integral is o(m/*)-O(m-/4) =0(1) asn>&. 

6. F-Regularity. The equivalence of the conditions (A’), (B’) 
provides another interesting criterion for the simultaneous con- 
vergence of the series S(f) and G(f) at the point x. For this we 
find it convenient to define properties relating to the behavior 
of the function f(x) in the right-hand and left-hand neighbor- 

' hoods respectively of the point xo. 

We consider the Fourier series of the periodic function f;(%o, x) 

defined as follows: 


fr(xo, x) = f(%o), yo— ew <x % 
= f(x), Nera 0 tae ee 
Let 
br(t) = f(*o + t) — f(%o) Osi a7) 
a = f,(x0, 0 + t) + f(xo, x0 — 4) — 2fr(%0, xo) 


= f,(xo, xo + #) — fr(x0, x0 — #). 


Then ¢,(#) is the function which corresponds to o(t) in the 
formula for s,—f,(xo, %0) and also to Y(f) in the formula for 5, 
where 5’, ¥, are the partial sums of S(f-) and G(f;). That is: 


a fr(%0, Xo) = (in) fo /0 sin ntdt + o(1) 


= (1/7) f @or tan (t/2))(1 — cos nt)dt + o(1). 


We define 7-regularity as follows: 


28 The Rice Institute Pamphlet 
Derrnition 1. If f(x)€(L) ts of period 2m, and 1s such that 
the integral 


"(fla + 8) — f(a))(A/a)dt 


exists, and if the series S(f,(x0, x)) and G(fr(xo, x)) are conver- 
gent at x=Xo, then the function f(x) ts said to be F-regular on the 
right at x=Xo. 

This amounts to the same as saying that f(x) 1s F-regular on 
the right if, and only tf, (i) the integral 


[Gea + = sanyayt = f “(s()/tdt 
+0 +40 


exists and (ii), the integral 


J @imerat = ot (n> @). 
Similarly, if we define the periodic function 
Fi(xo, x) = f(x), —- eT tS es 
= f(%o), wy SexSutor 
and 
bit) = f(%o — t) — f(xo) (¢ > 0) 


we have, if s(xo) and 34(x) are partial sums of S(filxo, x)) and 
S(fi(xo, x)) respectively, 


sao) — filxo, x) = (t/n) [ @ud/0 sin nidt + o(1) 


i(a0) = (1/n) f " (Gi(d)/2 tan (4/2))(1 — cos ni)dt + o(1), 


and we make the corresponding 


DEFINITION 2. If f(x) €(L), is of period 2x, and is such that 
the integral 
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flee =) = Hey 4/na = f @uosoae 
+0 +0 


exists, and if the series S(fi(xo, x)) and S(filxo, x)) are con- 
vergent at x= Xo, then the function f(x) is said to be F-regular on the 
left at x=Xo. ' 

From these definitions it follows that if the integrals: 


f “ (-(d)/t)dt, f “ (i(t)/Oadt, 
+0 +0 


exist, then a necessary and sufficient condition in order that f(x) be 
F-regular on the right and on the left is that 


(a’) f ($-(t)/t)e'™‘dt = o(1), *(Gi(t)/terdt = o(1). 
+0 +0 


If now we extend the range of the functions @,(¢), @i(¢), so as 
to render them periodic (27), by means of the definitions 


ér(t) = 0, oi(t) = 0 (7 <t S 2r) 
¢,(2kr + t) = ¢-(t), O(2kr + 1) = Ot), (R= +1, 4+2,---) 


and then define the functions F’(t), F'(¢), for all values of ¢ by 
the formulae: 


F(t) = f @-o/a FW = J eo/nae 


Fi(t) = i Fr(t)dt, Fi) = f F (t)dt 


it is evident that the condition (a’) above is equivalent to the 
condition: 


Qn 


(A’) ihe eimtdFr(t) = o(1), {} e'*'dF'(t) = o(1); 


which, by Theorems (A’, C’), (B’, C’), of §2, is equivalent to 


- the statement that the functions F’(¢), F'(t), as defined, satisfy 


condition (B’). We have thus established: 
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TuroreM 4. If f(x)E(L), a necessary and sufficient that f(x) 
be F-regular on the right and on the left is that both of the functions 
Fr(t), F'(t), exist, as defined, and satisfy the condition (B’). 

As an immediate consequence of this theorem we can now 
state, as a criterion for the convergence of both @(f) and S(f): 


THEOREM 5. If Fr(t), F'(t), exist and satisfy the condition (B’) 
then S(f) and G(f) converge respectively to the sums: 


© {mie ieeay " 
0 2 tan (¢/2) ; 


HuBERT E. Bray 


f(a) and — (1/x) 
Fe 


UNIFORM CONVERGENCE OF FOURIER SERIES 


1. Introduction. It is well known that the Fourier series of a 
continuous function is not necessarily uniformly convergent in 
an interval of continuity of the sum-function. However, if, in 
addition to being continuous, the function is also of bounded 
variation then it is known that the Fourier series is uniformly 
convergent in the interval of periodicity. This is the so-called 
Jordan criterion for uniform convergence. 

A second criterion for uniform convergence is the Dini- 
Lipschitz condition. If 


K 
| f(x + 0) — f(x) | < ——————__ a, K>0 


1 lt+a 


then the Fourier series of f(x) converges uniformly. This condi- 
tion may be slightly improved. The essential point to be ob- 
served here, as far as the results of this paper are concerned, is 
that the power of log 1/ t| exceeds unity. 

It was proved by H. E. Bray! that continuous functions of 
écart fini? have uniformly convergent Fourier series. A function 
i(x), summable for 0Sx<2r7 is said to be of écart fini in this 
nterval if the integrals 


f son sin nxdx if f(x)n cos nxdx 


are bounded independently of the integer m and the numbers a, 
b; where 0 Sa <b S2r. This result contains the above-mentioned 
Jordan criterion since every function of bounded variation is a 
function of écart fint. 

Bray also showed? that if the Fourier coefficients of a bounded 
and measurable function are O(1/n log m) the function is a 
function of écart fint. 

The present paper has a two-fold purpose. First, to define a 


1 Am. Jour. Math., Jan. 1929, p. 149 et seq. 
2 Hadamard. Jour. de Liouville, Ser. 4, v. 8, p- 154. 
8 Comptes Rendus, t 190, p. 1371. 


aif 
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class of functions wider than the class of functions of écart fint 
and to obtain sufficient conditions for the existence of functions 
of this class. Second, to show that if continuous functions of this 
new class have moduli of continuity satisfying a slight restric- 
tion—less restrictive, in fact, than the Dini-Lipschitz condition 
—then their Fourier series converge uniformly. These functions 
do not satisfy the classical convergence criteria. An interesting 
example of a function of this kind, for which the Dini-Lipschitz 
criterion is not satisfied, is exhibited. 

2. Functions of Class ¢(z). A summable function f(x) of period 
2a will be said to be of class $(m).in the interval 0 Sx S27 if 


b 
(1) (mn) f f(x + #) cos ntdt = O(1) 


uniformly for all x, 2, a, 6 with b—aS2r. If, in particular, 
o(n) =n, the function f(x) is a function of écart fint. 


THEOREM 1. Jf the Fourter coefficients of a bounded and meas- 
urable function f(x) of period 2m are of the order 1/~(n), where 
n<vV(n) Sn log n, and tf the condition 


dyp(t) ¥(Z) 
> 
dt t 


k.> Os 


(2) 
1s satisfied, then f(x) ts of class $(n) =(n)/log n. 

It should be noted that we must have ¢(7) =O(m) except in 
the trivial case where f(x) is a null function. For suppose that 


o(n)/n were unbounded with f(x) not a null function. We 
consider the expression 


rian 
a(n) f T(x + 8) cos nidt. 
0 
An integration by parts gives 


r/2n w/2n 
f f(x% + t) cos nidt = nf [F(« + t) — F(x)] sin nédt 
0 


where 


* This condition assures us that ¥(é) is an increasing function. 
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F(x + t) = F(x) +f ie + y)dy. 


If we suppose that f(x) is not a null function (we may assume 
that f(x) >0), then for some x we shall have 
F(x + t) — F(x) 
t 


S10 
for |¢| sufficiently small. Hence 
rl2n xr/2n 
nf [F(x + t) — F(x)] sin nidt > nf gt sin nidt = q/n 
0 0 


for m sufficiently large. Therefore 


neva o(n) 
(3) a(n) f f(x + 2) cos nidt > —— q. 
0 n 

But as n—~, d(n)/n— ~~. It follows that the expression (3) is 
unbounded. This is in contradiction with the definition of func- 
tions of this class, for f(x) is summable and therefore expression 
(3) is uniformly bounded. 

In order to prove the theorem we make use of two lemmas. 
The first concerns the expression 


E(x, m, 8) = >> (—1)"[F(x + 18) — F(x + (r — 1)8)] 
r=1 
with m a positive integer and 6 any positive number such that 
m6 S2r. 


Lemna 1. If ¢(n) =O(n), and tf f(x) 1s bounded and measurable 
and is such that E(x, m, 6) =O(1/$(1/6)), then 


ic + t) cos ntdt = O(1/$(n)). 


Since f(x) is bounded, a part of the interval of length O(1/n) 
- may be disregarded in considering the boundedness of the ex- 
~ pression | @(n)f2f(x+#) cos ntdt|. But ¢() SO(n) so we may dis- 
card a part of [a, 6] of length O(1/n). The integral to be con- 
‘sidered is the difference of two integrals of the form 


34 The Rice Institute Pamphlet 


J2f(x+t) cos ntdt so it suffices to consider this integral. We | 


have, after letting a=m7/n and integrating by parts, 
ma |r T 
if f(% + 4) cos nidt = (—1 (24m) — Fw 
0 n 
marin 
+f F(x + #)n sin ntdt. 
0 
But 


marin 
f F(« + t)n sin ntdt 
0 


1 x] | 
= =f [F(a + t) + (—1)™ F(a + t+ (m — 1)2/n) |nsin ntdt 
0 


1 rin 
oa =f E(x + t, m — 1, /n)n sin ntdt. 
0 


Since E=O(1/¢(n)), the last integral is O(1/¢()). We there- 


fore have 


marin 
f f(x + #) cos ntdt 
0 


1 opr | 
a al [F(x + t) + (—1)"™7F (x + t+ (m — 1)xr/n) |n sin ntdt 


— F(x) + (—1)"F(% + man) + O(1/(n)). 


This can be written as 


marin 
f f(x + #) cos ntdt 
0 


1 ain 
= =f [F(x + t) — F(x) |n sin ntdt 


1 r/n = 


—F (« os my |e sin ntdt + O(1/(n)). 
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But 


F(x +1) — F(a) =0 (v/s (—)) = 0(1/4(n)) 


Since O S$tS7/n. We may also write 
F(x + t+ (m — 1)r/n) — F(x + rm/n) 
= F(x + (m — 1)r/n + t) — F(x + (m — 1)r/n) 
— [F(x + (m — 1)r/n + 1/n) — F(x + (m — 1)r/n)], 
and thus 
F(a + t+ (m — 1)x/n) — F(x + mr/n) = O(1/¢(n)). 


Hence each term in the right member of (4) is of the order 
1/(n), and the lemma is proved. 

The trapezoidal sum is used in the proof of the second 
lemma. This sum is defined on the interval a$xSb for the 
function F(x) as follows: 


T(a, b, h) = (h/2)[F(a) + 2F(a + h) + 2F(a+ 2h) + °°: 
+ 2F(a + (m — 1)h) + F(a + mh) | 
where a+mh=b. 


Lemna 2. If T(a, 6, h) — f?F(x)dx =O(h/o(1/h)) uniformly in 
axx<b, then E(x, m, h) =0(1/¢(1/h)). 
We have 


b 
T(a, b, h) — f F(x)dx = O(h/$(1/h)) 
T(a, b, h/2) — [ree = O([h/2]/4(2/h)) = OCh/$(1/h)). 


Thus T(a, b, h) —T(a, 0, h/2) =O(h/o(1/h), and 


F(a) — 2F(a+ h/2) +-°° + (—1)?"F(a + mh) 
= O(1/¢(1/h)). 


This is the desired result, and the lemma is proved. 
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We are now able to prove Theorem 1. From condition (2) we 
obtain the condition 


2340 
(5) fg 7 oem. 
For since y(t) /W(t) >k/t we have 
i y’ Raye 1 
ie mre “lk Woy BG) 


We may suppose that, almost anywhere, 
f(x) = >} (a, cos rx + b, sin rx) 
r=1 


since it is clear that when (1) is satisfied for f(x) it is satisfied 
for f(x)—a /2. There is no loss of generality in supposing 
also that 
© da, sin rx — 6b, cos rx 
F(x) = >> a oe : 
r=1 


In order to prove the theorem it will suffice to show that 


b 2 h log (1/h) 
T(a, db, h) al F(x)dx = O(a) 


For the sake of brevity we shall write ¢(#) =W(t)/log t. We thus 
wish to show that 


T(a, 6, h) — f F(x)dx = O(h/¢(1/h)). 


a 


If we set b=a+mh with 0<b—aS2r, we obtain 


h 
T(q, 6, h)=— [F(a)+2F(a+h)+ +--+ +F(a+mh)] 


(6) = [3 > F(a-+ih)-+ > Feit) | 


t=0 
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a > [ oe > a, sin r(a+ih)—b, cos r(a+ “| 
r=] i=0 1 r 


But 


m—1 slg WE) sin r(a+ih) ay rh 
Sat —______——_—_ = — (cos ra—cos r(a+mh)) ctn ry 
r 


i=0 i=1 


m1 om $6. cosr(atih) 6, h 
y+ SS = — (sin ra+sin r(a+mh)) ctn s : 
a cot r r 


Thus we obtain 


co / / 

ee Fa, 5) = — Ade) ee Tee, 
2 — | r 2 

where A,(x) =a, cos mx-+b, sin mx. The accent indicates that in 
the summation 7 runs through all positive integer values except 
those for which rh/2 is a multiple of 7. These will be considered 
separately, their sum being represented by ¢. 

We also have 


[OU F@a-- be 


r=1 ¥ a 


2 
r=1 uf 


with the same interpretation of the prime over the summation 


b 
T(a, b, h) -f F(x)dx 


Aa) —A(a+mh) rh 
eS 


h o 
= rr A 
(8) 
me! : A,(a) = A,(a i mh) 
eae 


2 A,(a) — A,(a + mh) é i ae y 1) ap 
ra y? 2 2 
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We wish to show that (8) is O(h/(1/h)), that is 
= A,(a) — A-(a + mh) tee tres ) 
(9) 2d ERE TTC eer - (17h) ( ; ctn 3 1 
+ op(1/h)/h = O(1). 


We consider first the terms of o of (7) for which rh/2=kr, 
k=1, 2, 3,---. We replace h by 7/n and consider the terms 
for which r=2kn. If the right number of (6) is divided by 
h/o(1/h) =1/nd(n/7) we obtain 


= > > os > [@oxn Sin 2kn(a + ih) 


2n k=1 i=0 


no(n/7) 


— Dorn cos 2kn(a + ih) | 


which is equal to 


(10) 


6(“) © doen Sin 2akn — born cos 2Zakn 
>» ——_—_—_—_—_—_—_—_—________——. } 
7 2kn 


Since mh=mr/n<2r we have m=O(n). The expression (10) 
does not exceed in absolute value a quantity of the order 


(11) mo(n) ; a 


bal 1 a at Sarde 
2 Bain =al (nt) Sah E70) 
= O(1/Y(n)) from (5). 


It follows that (11) is of order $(n)/W(n) = 1/log which is 0(1). 
This is a sharper result than we need. 

If we denote the expression (9) by P(a, b, h) and replace h 
by a/n we may write 


But 
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P(a, 6, h) 


(n]_ 4,(a)—A,(a+mr/n) n\ (rt rT 
= 23 iminiceh De 2A os co) “) — cin 1) 
r=1 ra T Qn 2n 


_ A,(a) ~Ar( a-+m “) ' 
sie a> ot “ d (<) ctn fe 
[n]+1 2r T 2n 
e A,(a)—A, ce *) 
>, ee “ + 0(1). 
[n]+1 


The third sum here is in absolute value not greater than 


o A,(a)— A,(a-+m— =) . |G) 
oe, ra se (=) pe &, r mb) 


where K is some positive constant. The above expression does 
not exceed a quantity of the order 


1 
ee ofl by (5). 
pga i) ey 


The second sum of (12) does not exceed in absolute value a 
quantity of the order 


(42) 


no(n) = 2. 


[n]+1 


= o(n) ctn rx/2n| spl 7 o(n) ctn rm/2n 
ee, ORE oS) 
r=[n]+1 ry(r) [n]+1 2[n]+1 nv(r) 
The first sum of (13) does not exceed 
od Sd rT -— rT T 
Lauer rm a: Were Det (F+4 
nv(n) [n}+1 2n nlogn 1 tn 
n—1 aa 
cd tan 
nlogn 1 2n 
But 
— rT ee ax 2n ra 
>, | tan =| <f tan ——dx = — — log tan——* 
rok 2: 1 2n vs 2n 
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Since tan (1/2n)=O(1/n) it follows that 


2 
ek log tan (1/2n) = O(n log n). 
ie 


Hence the first sum of (13) has no greater order than 
[1/(2 log m) |O(nm log n) = O(1). 


For the second sum in (13) we have 


Fae Laie 
_ | em) ctn Ae a” see an 
(14) ae 
pee) rp(r) \ > 2. ry(r) 


The second sum here gives 


1T 


ctn 
2n(k+1)—1 Qn 1 2n(k+1)—1 


ees me SS 
r=2nk+1 ry(r) 2nkp(2nk) a 


al 2n—1 


a 


<— ——— ee 
2nky(2nk) pa 


1 2n—1 


23 


4 
2nkp(2nk) ra 


my, 
ch —— 
2n 


r+ 2nk 
n 


nN 


us 


But 


2n—1 


2: 


r=1 


n 2n—1 
ctn = ip oe, oe 
2n 


r=1 n+1 


rr 
cth — 
2n 


and 


n 


x 


r=1 


11 Ke Tx 2n 
ctn a <f cthn — dx = — 
2n 1 2n 1 


qT 
log sin | = O(n log n). 
2n 


Similarly 


2n—1 


ee 


r=n+1 


rr 
ctn =| < O(n log n). 
2n 
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It therefore follows that (14) does not exceed a quantity of 
the order 


2. 6m ilogn = 1 

15 n -<s . 
A ay Wiad 
We have already seen that the last sum in (15) is not greater 
than a quantity of the order 1/)(m). It follows that (14) is of 
the order $(n) log n/P(m) =1. 

We have shown thus far that the second and third sums of 
(12) are O(1). We must now show that 


CEG aia el bal (-) (cin - 1) = 01). 


pA rar T 2n 2n 


The expression 


rm 1 
1 — —ctn — 
2n 2n n 
(16) —_—_—____——_ no | — 
rx. T 


is bounded as n— ~ for fixed r. This is easily seen since from a 
well known formula* 
1—xctnx 1 ozs" oo 


=—+—+—+ 
= 3 cn 5 945 4725 


Moreover, (16) is an increasing function of r for each fixed n. 
Its greatest value occurs therefore when r=”; namely 


nT 


< K/r’, 


where K is a positive constant. 
If we use the second mean value theorems for sums, we obtain 


“by [4-(0+m =) = A,(a) 
mw KSn n 


* B. O. Peirce, Tables. 
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It is thus sufficient to show that 


£[s (+92) - a0] 


is uniformly bounded for all m—i.e., that >"? A,(x) is uniformly 
bounded. 

If f(x) is bounded and measurable, the first Cesaro mean is 
uniformly bounded for all x and . For if the mth partial sum of 
this mean is denoted by on, we have 


s 


in? ni 
: dt 
sin? ¢ 


if Tr 
ca(a) = — if fx + 28) 


B 7 sin? nt 
jens) s— f° a= 3B, (| (2)| 5 8). 


From this the result follows. For if f(x) is bounded and has 
Fourier coefficients O(1/z), the partial sums of the Fourier de- 
velopment are uniformly bounded. In fact 


Ay-+ 243 + <«-: 9A, 
n+1 


where s, is the mth partial sum of 0? An(x). But nA, =O(1), 
so it follows that the partial sums of the series are bounded uni- 
formly. This completes the proof of Theorem 1. 

As a particular example we note that the conditions of the 
theorem are satisfied for the function ¥(n) =n(log n)*, 0<aX1. 
For we have 


wy | | 
dn (log Rprenaes > (log n)* = 


Sn — On = 


Hn) 
n 
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Since the condition that ~(m) =n was used in the proof of 
Theorem 1 only to show that the partial sums of the Fourier 
series of f(x) were uniformly bounded, we may state the follow- 
ing theorem. 

COROLLARY TO THEOREM 1. If the Fourier coefficients of a 
bounded and measurable function f(x) of period 27 are of the order 
1/W(n) with the condition dp(t)/dt>kp(t)/t satisfied for some 
k>0, and if the partial sums of the Fourier series of f(x) are unt- 
formly bounded, then f(x) is of class Y(n)/log n. 

Following the terminology of Bray,‘ we shall say that a func- 
tion f(x) is of class @(n) and admits the constant K if K is such 
that the inequalities 


= K 


b 
(nm) f f(% + k) cos nxdx 


OG 


(n) f ne + k) sin nxdx 


are satisfied for all n=1, k arbitrary, and b—aS2r. 


Lemna 3. If f(x) is of class $(n), admitting the constant K, and 
af | f(x)| <M, there exist positive constants A and B independent 
of f(x) such that 


| sa()| s M(A1 a(n) + Bo) + 

Salt) = og O(n — — 
is z a(n)" on) 

where S,(x) is the nth partial sum of the Fourier series of f(x) 

and 0(n) is any monotone increasing function such that 1<0(n) 


<9(n). 


In order to prove this we consider 


vot ph sin (n+3)t 
=— —1)] ——— 4 
s(d=— f° et otIe-O Sy 
1 pocmle(r) ® sin (n+3)t 
=— (x+t)+f(x—1) ] —— dt. 
T f if ed 2 sin $¢ 


4 Loc. cit., p. 160. 
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Hence 


Is )| 2 alt arn 
n(%)| S xoyt 


(17) : 
f eae sear 
9(n)/o(n) 


sin (n+4)t 


sin 3¢ 


sin (n + 3)t ae 


2 sin 3¢ 


+ — 


Tv 


The first integral in (17) does not exceed 
1/¢(") | sin (n + 1) 4 A(n)/o(n) 4 
f (n + 3) | Pa f m3 
0 1 t 


sin 3¢ 
which is not greater than (2n+1)/¢(n)+4 log @(m). Thus the 
first term of (17), is not greater than 
Mf2n+1 
= $(n) 


For the second integral we obtain, by using the second mean 
value theorem, 


dt 


/o(n) 


+ 4 log a(n). 


(fe ite ite ah ee 
6/¢ 


6(n) tn 


2 sin 4 


= 4 csc [f(x +t) + f(* - t)| sin (n + 4)édt 
29(1) J o(n)/4(n) 
where 
ed Si, & ©, 
$() 
But 
b 
if f(« + t) sin nxdx| S K/o(n). 
Hence 


J ' [f(~ + t) + f(x — t)] sin (n + Bede 


(n)/o(n) 
2K 2K 
<———_ < —_.. 
o(n +3) o(n) 
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Thus the second term of (17) does not exceed 
1 O(n) 2K ms el 4¢(n) 2K 4K > 2K 


— csc < rial = eee 
Qr 2b(n) o(n) 2x O(n) g(n) O(n) O(n) 


and we get the desired result. 


Lemna 4. Under the hypotheses of Theorem 3 there exist positive 
constants A and B independent of f(x) such that the remainder 
R,(x) =f(x) —Sn(x) satisfies the inequality 


n 2K 
| Ra| = u(a log (2) + B—) + 


o(n)) | O(n) 
For 
| | R.| =|Sa—sf| S| Sa] +171 
< ula log 0(m) + B | 4 a + M; 
o(n) 6(1) 
nN 2K 
|R.| ul log (n) + B edt 1|+ ae 
n 2K 
< ula log 6(n) + B | + a 
since 


Peo ts = 8 
o(m) o(n) $n) 

Lemna 5. If f(x) has first and second order derivatives f’(x), 
f(x), and if f’’(x) is of class $(7) admitting the constant phi 
with | f'(x)| $M”; then if ¢’(n) <B’ there exist positive con- 
stants A and B such that 

Me j n |+ 4K" 
| R,| = =|4 Aa o(n) n(n) 


tone increasing function such that 


Bees yee ee 
1<6(m) 8 o(n); 6(n) ~ — o(n) 


where 6(7) is any mono 


IA 
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We let Sn(x) = >5? Ax(x) and let the Fourier partial sum of 
f’"(x) be 


= De B,(«) = — ye k2(a, cos kx + 5, sin kx) 
il 1 
= — >> k?A;(x). 
1 
We thus obtain 


-) Ce) B i) 1 
= So Ae) = ee — =  — (or — o4-1). 
n+1 R? n+1 Rk? 


n+1 
Hence 
On = 1 1 
“Gey 4 ola (k+ =) 
But 
k 2K" 
| cx | su" (4 log 6(k) + B —) + 
$(k) 8(R) 


from Lemma 3. Hence we have 


mM" 


Rees a A toe 6(n) + B 24 
= otipl» |  @ta) meter ane 


1 1 
18 2K! >. (a 
me i » ma (k+ i) 


+ AM" 3 log 6(R) (3 tp be ae ). 


are — (k+ 1) 
The fourth term of (18) does not exceed 
2K os (= - 1 ) és 2K" 1 
A(m + 1) nga \R? (R&R + 1)? 


~ O(n 1) (nw tee 
The fifth term is equal to ’ 
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log 0(n+1) 2 o(k + 1) 1 
ieretaae | ee ae en, |! 
Bf) | (ab 12 + Xo (t08 a(k) Jaan | 


The second term of (19) is not greater than 


Ge 1 A(R 1 zs i 
>> —_—_——- log HAD < ss shies 
ntl (k + 1)? 6(R) agaee lk), (h-F 8)? 


I ys Neen 1 1 n 
Sieroter ey ig 
O(n) avi (R+ 1)? 0? — $(n) 


since 
Aas Lk 
$(k) $(k) 


_ This follows at once from the law of the mean and one of the 
hypotheses of the theorem. 
Thus the fifth term of (18) does not exceed 


(20) AM" (— Austad Hon — 
(n + 1)? n2  ~ o(n) 


Since ¢’(m) SB it follows that 
o(n + 1) S B’ + o(n) S 246(n) 


for n sufficiently large. Then 6(n+1)/0(m) $2 and 6(n+1) 
<20(n). Hence 


log 0(m + 1) S log 6(n) + log 2 S 2 log 6(n) 


and the expression (20) is not greater than 
AM” 1 n 
—— | 2 log 6 —B —). 
n* ( Be Fe: n? (n) 


The third term of (19) does not exceed 
aN Gi ( 2k+1 \s SBM ed 
k 


(2) nti 


(k+1)?/~ (nm) an ® 
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By combining the above results we get 
4K” 
n6(n) 


| R, | = = (34 log 0(n) + 3B —-) + 
(1) 


which has the desired form. 


THEOREM 2. If f(x) is of class @(n) with $'(n) <B’ and af f(x) | 
admits the constant K and is continuous with modulus of continuity 
w(5), then there exist positive constants A, B, and C independent of 
f(x) such that 


(21) | Ra| so(—)[4 log on) +B] + 
n $(n) 6(1) 


where 0(n) 1s monotone increasing and such that 
O(n + 1) _ om + 1) 
a(n) on) 


In order to prove this theorem we employ the averaging func- 
tion® 


1S O(n) S $(n); Ls 


1 B u 
f(a) = — f dt f fle + t+ t)dt’. 
Fd 0 0 
This function has the following properties, as may be easily 


verified: 
(i) If f(«) is continuous, 


d | ey pk. 
7h) =f We tuto — fet olan 
(ii) If f(«) is continuous, 
a 1 
ee - 2 [f(x + 2u) — 2f(~ + w) + iy 


(iii) If f(x) is continuous, of class (7), admits the constant K, 
and has modulus of continuity w(6), then f,(«) is of class $(n) 
and admits the constant K. 


5 See Bray, Bull. Am. Math. Soc. Vol. 29, No. 6. 
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(iv) Under the conditions of (iii) f/’(«) is of class ¢(m) and 
admits the constant 4K /p?. 
(v) Under the conditions of (iii) 


2w(u) 
u? 


| fi’ (x) | Ss 


(vi) Under the conditions of (iii) 
| f(x) — f(x) | S o(2e). 


In order to prove the theorem we write 


f(x) = G(«) — fulx)) + fa(*). 


We then have R,=R, +R” where Rn, Re, and R” are the 
Fourier remainders of order n of f(x), f(x) —fu(x), and fu(«), re- 
spectively. It is clear from (iii) that f(x) —fu(x) is of class (7) 
and admits the constant 2K. From Lemma 4, using the con- 
stants of Lemma 5, we have 


| Re | < w(2y) (4 log 6(n) + B —-) ay a F 
$(7) 8(n) 


Since f(x) is of class ¢$(n) and admits the constant 4K /u? we 
have from Lemma 5 


oh a 2w() are x i |+ 16K 
fos | L 06 0) FO So n8u20() 
If we put w=1/2n, we then have 
| Ral =| Re | +] Re’ | 
1 Unter in) 48 "| +o 
< 9 ( — ——}|+—— 
= “OL eee old" 6() 


since w(1/2n) Sw(1/7). 
Thus there are positive constants A, B, and C such that 


1 n (Cin 
w{ — Yh ary s raere ty 
| Ra | < (=) log @(m) + reas a(n) 


and the theorem is proved. 
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From this last theorem we see that if @(#) is such that 
w(1/n)n/o(n)0 as n> and if 6(m) is so chosen that 
w(1/n) log 0(n)—0 while 0(m)—, then the Fourier series of 
f(x) converges uniformly to f(x). 

3. EXAMPLE. A Function of Class $(n) =n/(log n)* having a | 
Uniformly Convergent Fourier Series: 

The function we shall consider is defined as follows. We let 


fla) = R(x) Da) for x 0 
inl 
= forx = 0 
where 

d(x) = sin 1x fora; SxS Bp; 
= 0 otherwise. 

We set 

1\2/3 

p(x) = 1/(1oe—) : OSxS7/4 
= y(7/4), r/4 5 x, 

and let 
R(x) = ula) fora; S %* 5 fj 
= (0 otherwise, 


n= 22”, a;=42/2*". B; is a number such that 8; >a; and B;~aj;. 
For convenience we take B;=2a;. 

By the notation a~8 we shall mean that a/8 is bounded from 
zero and infinity. We say that a and B have the same order, and 
we shall also write a/8~1. 

It is clear that the function f(x) defined above is continuous 
in 0 SxS2r. The graph of the function is illustrated in the ac- 
companying figure. 

If the function ¢(m) is the function »/(log 2)/8, we shall 
show first that f(x) is at least of this class. We have 


Bi 
f f(x) sin nyxdx 


Bi 
il k(x) sin? nyxdx| ~ k(ai)a; 
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since B;—a;~aj. 
Now 


Qi 1 


1 2/3 ~ 23 (log 2%) 2/3 
(10s —) 


Qi 


R(aiai = 


ee (log m;)*/* 


n;(log 2;)?/% ny 


H(A) 
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since log n;j~i+2‘~2‘. This is the desired result. 

We now show that f(x) is at most of class $(m) =n/(log n)*/*. 
We consider f?f(x) sin mxdx. The number 7 may be expressed 
in the form n=np+t where 0St<mp41—mp. Then mpSn< mp4. 
We thus have 


fe sin nxdx = f f(x) sin (1p + f)xdx. 


This integral may be expressed as 


if = f © sin (n» + é)xdx 


and it is thus sufficient to consider integrals of this type. We 
write 


fi sin (1p + t)xdx 
(22) ae “ah "oe sin (n, + t)adx 


=o (i vies sin m;x sin (mp + t)xdx 


=m 


where a;<yiS8i; m21. The right member of (22) may be 
written as 


(23) > + Bs i “k(a) sin ;x sin (n, + é)xdx. 
The second sum of (23) may be written as 
YP 
ik k(x) sin mpx sin (np + f)xdx 
ap 


(24) 
ae k(x) sin n;x sin (np + A)xdx. 


+f 


In this sum we have 


fs z R(a; i) Oi, 


Dep k(x) sin nx sin (ny + Aadx 


2 
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and this does not exceed 


R(ap+1) >» ay ~ R(apyi)e pti. 
ptl 
But 
(log mp41)*/* 
Mest 
Np+1 


which does not exceed a quantity of the order 
log (mp + #)*/* — (log m)*!? 
te 2 n 


In considering the first term of (24) we distinguish two cases: 
Case I. t<nyp. We write 


YP 
\f k(x) sin mpx sin (tp + t)xdx| ~ k(ap) ap. 


Hence 
(log np)'/* (log (mp + 4))/* (log mil 


k poe. 
(apap we ea a 


For, since t<mp, Np+t~Mp. 
e Case II. t=npy. In this case we write 


y 


Pp 
k(x) sin 2px sin (Mp + t)xdx 


ap 


(25) 


YP YP 
f k(x) cos txdx — f k(x) cos (2np + t)xdx|. 
a ap 


Pp 


For the second term in the right member of (25) we have 


k(ap) R(ap + 4) 
no +t Ry +t 
(log (np + #))'/* (log m)¥!° 


~~ 


ae ee n 


~~ 


fo cos (2m, + t)xdx 


s 


k( ap) 


Np 


< k(ap)ap- 
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The first integral in (25) gives us 
YP k k 
if k(x) cos tadx| = o() ~ (ap) : 


t t 
But here we have t= mp, so that t~n,+#. In fact we may say that 
t=(np+1)/2. Thus, from the above relation, 


P 2k(ap R(ap +t 
Sf k(x) cos tudx oes) ee a 
ap Np + ‘5 Np + t 
(log (mp + 4)? — (log )*/* 
Nott Fy n 


Thus far we have the desired result for the infinite sum in 
(23). We now prove it for the finite part. We have 


p—1 


, 


t=m 


(26 <= 


% 
if k(x) sin n;x sin (np + t)xdx 


way 
f k(x) cos (np + t — ni) xdx 


p—1 
+> 
a: 


vt 
i) k(x) cos (np + t+ ni) xdx 


The function k(x) plays no part in determining the order here 
since its greatest value is for the index 1=1. The first sum in 
the right member of (26) can then be taken to be 


p—1 


= 


t=1 


p—1 t 
ee 


fat Ny ted — my 


ea 
f cos (tp + t — n,)xdx 


i 


The greatest value of 1/(m),+t—n,) is attained for i=p—1, 
namely 1/(m,+t—m 1). But 


1 1 


Hence 
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and since p~log log mp, it follows that 


p—l 


Yi ] l P 
io, if cos (np + t — ni)xdx| S Briers 
i=m|¥ ay My tt 
s (log (m» + #))"8 — (log 2)! 
M5 e af nN 


In a similar manner we see that the second sum of (26) can 
be considered in the form 


cos (tp + t+ ni)xdx| ~ —_—__—_—_—— 
i=1 ay : i=1 Np +t + 1; 


1 p 


s 


i1 Mp tt Mm t+t 


The rest of the argument is as before. The proof is now com- 
plete, and we see that f(x) is indeed of class 


o(n) =n/(log n)"*. 


We wish now to determine the modulus of continuity of f(x). 
We shall consider the function in the interval [a:, Bi]. Since we 
consider max | f (x2) — f (x1) | : | x2 —2| <6, it is sufficient to con- 
sider only right hand differences. We may write 


Af 


x 


A 
Mi 


< K| f(x) | 


where K is a positive constant. We have 
f'(x) = R(x); cos nix + k'(x) sin 1ix 
= k(x)n; cos nix 
and 
| #(*)| | k(a)ni| = wou) mi- 

It is convenient to consider three cases here. 

Case I. We consider two points %1 and %2=%1+6 of [a B:] 
with 6 less than a half period of f (x). Then we have | f (x2) —f (x1) | 


< Kni(ax)6. For 6 equal toa half period this is of the order (a) 
since then 5~1/n;. But then u(ai)~p(1/ni) ~p(5). Since for 
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a half period Knu(a;)6~p(6) it follows that Kn,u(a;)6 = Cu(6) 
and |Af| <Cu(8). 

Case IT. If x; and x, are in [a;, B;] and 6 is greater than a halt 
period, then, since u(6) is an increasing function and Af can be 
no greater than the maximum in a half period, the result of 
Case I holds a fortzort. 

Case ITI. If x; is in the interval [a;, B;] and 6>a;=8;—ai, 
then 


| f(a2) — f(a) | = | far + 8) — f(a) | < 2u(ar + 6) ~ Cul) 


since Xy~ and 6>ay; so that x +6~6. 

If we take the point x; at the origin, then, since f(0) =0, we 
have max | f(x2) —f(x1)| =max |f(x2)| which is max | f(x-+8)| 
=max |f(6)| =u(6). 

Thus the modulus of continuity of the function f(x) is of the 


order 
2/3 
log — 
(1085) 


From Theorem 6 we have 


1 n CK. 
Re Sw —— A | nN a 
| Rn | (-)| 0g 90) + B | 4 


u(d) ~ 


with 


OPT eee ee 


a(n) b(n) 
For the example 
n 1 
1 Gogmin’ — °O = —ae 
(1) 


We may take @(m) =log n. Then we have 


nN 


1 S log n S$ ——_ 
(log m)"/° 
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and 


IA 


ed) el log n Ne 
log n n \log (xn + 1) 
Hence 

1 CK 

R, | < ——— [A log log n + B(log n)1/*] + 
(log 1)?/* log n 

. A log log » B 1 CK 
(log n)?/8 (log »)1/ = log n 


and this approaches zero as n>. It follows that the Fourier 
series of f(x) converges uniformly. 
A more general example is obtained if we take 


1 
p(x) = ———— on) = 


n 
“ (log m)!~s 
(toe -) 
+ 


Joun P. Nash 


with s>1/2. 


eae 


“OE 


ees: 


a SS 


ag Ran bap 
Ae 


i 
eh 


fey, 


Me cach. | 
eae ae : Cay 
i sem pM Be 
te be 


ee 
Serv alae 


